Featured Application: A new multi-tooth contact model proposed in this study provides an effective method to determine the optimal profile modification curves to improve transmission performance of RV reducers.
Introduction
RV reducers are planocentric reduction mechanisms used for precise transmission applications. Such mechanisms incorporate numerous cycloid-pin teeth that are engaged concurrently. Therefore, RV reducers have a compact and highly rigid construction that is robust against shock-load and overloading. Furthermore, a minimal backlash and inertia assure a rapid acceleration and extremely accurate positioning. An RV reducer is ideally suited for precision mechanical control in industrial robots, machine tools, and assembly equipment, where precise positioning and a torsional stiffness capability are required [1] .
Transmission errors (TEs) are key parameters used to represent the transmission performance of an RV reducer. The TE measurement method of a precision planetary cycloid reducer is defined in GB/T 37718-2019 [2] . The optimal measurement speed can be determined according to the Stribeck friction model [3, 4] . The determination of optimal measurement speed of transmission errors could improve the measurement precision. A cycloid profile modification is one of the factors causing the TEs of an RV reducer [5] [6] [7] . However, to avoid the influence of machining errors on an RV reducer assemble, a cycloid tooth profile modification is commonly used in engineering practice. The modification methods often include a modification of the moved distance, equidistance, rotation angle, and their combination [8] . An angular modification needs to be used with other methods concurrently. In [9] , based on a tooth contact analysis, the TE caused by different combinations of modifications is quantitatively analyzed. To reduce the impact of a modification on the RV reducer transmission accuracy, the optimal cycloidal tooth profile modification method has been studied by numerous researchers. In [10] , a modification method for designing the modification gap curves by adjusting the positions of five key points on the cycloid profile was proposed. This method can improve the carrying capacity of cycloidal drive, eliminate noise and vibration and develop the transmission accuracy. Compared with the designed modified tooth profile, the actual tooth profile with machining errors can be accurately measured to compensate such errors between the actual and designed tooth profiles [11, 12] . In addition, judging the optimal modified tooth profile according to the amplitude frequency vibration response of the transmission system caused by different modified tooth profiles is an effective method [13] .
The torsional stiffness of an RV reducer achieves a relatively large benefit from its multi-tooth contact characteristics, and thus can ensure a high transmission accuracy. Therefore, the contact force calculation of a cycloid-pin is particularly important when multiple teeth mesh together to transmit a power load [14, 15] . Among the many studies conducted in this area, Xu proposed a numerical method to determine the number of teeth that are loaded simultaneously [16, 17] . The model can be used to investigate the effect of changing the geometrical design parameters of the tooth profile of the cycloid gear. However, the contact area of each mesh tooth is treated as a whole, and the contact force is calculated using a single contact stiffness. Such a treatment method results in some errors in the actual contact status [18] . To reduce this deficiency, Ma established a hybrid contact force model. The contact cylinder surface is divided into many differential elements using the discrete element theory. Each differential element calculates the contact force separately according to the compression depth. Therefore, the contact model is more accurate for a complex profile contact [19] .
Studies on cycloid tooth profile modification have mostly focused on the design method of optimizing the tooth profile, and the evaluation index is often limited to the transmission accuracy. The influences of the modification of the mechanical properties, contact area, and transmission efficiency have rarely been reported. However, such performances are also of concern among users of an RV reducer. In addition, the most important point that is often neglected is the load impact on the tooth profile modification. Regarding the multi-tooth contact model introduced in the references herein, the accuracy of the results will be significantly affected because it is based on a single contact stiffness model. In this paper, each tooth contact area is replaced by multiple differential contact units, and a multi-tooth contact model and a TE model of an RV reducer are first established. The proposed models are then verified using the finite element method and experimental measurements. On this basis, the influence of load on the different modification methods is studied in detail. The evaluation index considered includes the transmission accuracy, mechanical performance, and transmission efficiency. Finally, considering the load influence, the proper applications of different modification methods are discussed.
Analytical Model of RV Reducer with Tooth Profile Modifications

Contact Force Calculation
Contact Force Model
A traditional cycloid drive is the basis used to analyze an RV reducer, and Figure 1 shows a traditional cycloid drive coordinate system. Here, xoy and x c o c y c represent the static coordinates of a pin wheel and cycloid gear, O and O c denote the center of the pin wheel and cycloid gear, and r p and r c denote the pitch circle radius of a pin wheel and cycloid gear, respectively. Pitch point P is the instant velocity center of a cycloid drive and OO c is the position of the crank. When the crank rotates θ cr , the cycloid gear will rotate θ cy according to the transmission ratio. The rotation of a cycloid gear is output using a parallelogram mechanism.
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where
Here, θ represents the angle of the pin position vector; ∆R p and ∆r rp refer to the modification coefficient of the moved distance and equidistance, respectively; Z c and Z p denote the cycloid disc teeth number and pin number; r rp and R p represent the pin radius and pin center circle radius, respectively; and a represents the eccentricity.
The pitch circle radius of a pin wheel and cycloid gear can be calculated using the following equations: r p = aZ p r c = aZ c (5) Figure 2 shows the mechanism of an RV reducer. Because the machining precision of the crank, cycloid gear, and planetary carrier is extremely high, these are generally known as the three key parts of an RV reducer. Two cycloid gears are supported in the planet carrier by three cranks. The purpose of these two cycloid gears is to balance the radial force and improve the load capacity. An RV reducer contains three freedoms of rotation, namely, the rotations of the input gear shaft, pin wheel, and planet carrier. Any fixed parts can form a mechanism for increasing or decreasing the speed. Because an Appl. Sci. 2019, 9, 4099 4 of 19 involute planet drive is applied to the high-speed stage, its TE is significantly attenuated by the transmission chain [5, 6] . Therefore, to focus on the main factors affecting the transmission performance of an RV reducer, an involute gear transmission is not considered in the present study. The torque is applied to the three cranks as an input of the involute planetary drive. The RV reducer parameters used in this paper are listed in Table 1 .
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where = − ⋅ , and i is the pin number, i.e.,
The ith pin azimuth may be obtained using Equation (7) .
Furthermore, the normal angle can be obtained from the inner angle relationship of .
The static coordinate value of the theoretical meshing point may be obtained through a coordinate transformation as follows:
Where and are the values in Equation (1), which may be calculated by substituting into . The contact deformation caused by torque load o T between the cycloid gear 1 and the ith pin is in the enlarged view of Figure 3 . As a result of a contact deformation, the cycloid gear 1 will rotate a small angle β Δ around in the direction of the torque load. The contact deformation may be expressed as follows:
Here, is the initial tooth gap along the normal line caused by a tooth profile modification (TPM), and is calculated as follows [20] : The contact angle can be obtained based on the geometric relationship of ∆OPO pi , which can be expressed as Equation (6) [21] :
where α i = ϕ − 2π i H ·i, and i is the pin number, i.e., i = 1, 2, 3 . . . Z p . The ith pin azimuth may be obtained using Equation (7) .
Furthermore, the normal angle ψ i can be obtained from the inner angle relationship of ∆OPO pi .
The static coordinate value of the theoretical meshing point c i may be obtained through a coordinate transformation as follows:
where x i and y i are the values in Equation (1), which may be calculated by substituting α i into θ. The contact deformation caused by torque load T o between the cycloid gear 1 and the ith pin is δ i in the enlarged view of Figure 3 . As a result of a contact deformation, the cycloid gear 1 will rotate a small angle ∆β around O 1 in the direction of the torque load.
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Here, E i is the initial tooth gap along the normal line caused by a tooth profile modification (TPM), and is calculated as follows [20] :
The normal arm length l i at meshing point c i may be calculated using Equation (12) .
If δ i ≥ 0, the pin will mesh with cycloid gear 1; otherwise, the pin will not participate in the transmission. This condition is used to judge the number of pins that are simultaneously engaged. To calculate the contact force more accurately, the Gaussian quadrature method is used to discretize the contact areas in the present study [22] . The compression region is divided into many small differential units, as indicated in the enlarged view of Figure 3 . Thus, each differential element can be replaced with a spring-damped model. Therefore, the normal contact force of the contact area can be expressed as follows:
where n represents the number of differential elements, and H j is the weight coefficient. As shown in Figure 3 , the penetration of the jth small element can be calculated based on the difference between r rp and O pi B as follows:
The area of the differential element may be calculated in the following manner:
Because the Lankarani-Nikravesh contact force model exhibits a higher accuracy based on the Hertz contact force model, it is adopted to calculate the contact force of a single differential element. The contact force model is as follows [23] :
where K ij is the Hertz contact stiffness of the differential element, which is calculated as follows [19] :
Here, W ij is the thickness of the elastic layer, and D ij is the damping coefficient, the modified formula of which is [24] :
ij is the initial penetration velocity upon impact of the differential element of the ith contact area, and c e is the restitution coefficient. The exponent n is set to 1.5 for metallically circular or elliptical surfaces.
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The contact force F Ni can be divided into the radial and tangential components in the direction and vertical direction of the center line OO 1 . The contact force can then be expressed as follows:
In this study, the Ambrósio friction force model is adopted to calculate the friction force between meshing surfaces. Compared with the traditional Coulomb friction model, the dynamic correction coefficient c d is added to the Ambrósio friction model [25] , effectively preventing the friction from changing direction when the tangential velocity is zero. Therefore, the improved friction model creates numerical stability and is more suitable for a computer simulation. The calculation formula is as follows:
where F x f i and F y f i represent the horizontal and vertical components of friction, respectively; c f is the friction coefficient; V f is the relative tangential velocity; and c d is the dynamic correction coefficient, which can be expressed in the following manner:
where v d and v u are the given tolerances for the relative tangential velocity of the contact surfaces. Then, the torque balance equation of cycloid transmission may be expressed as follows:
where m 1 is the serial number of pins that begin to mesh, and m 2 is the serial number of pins that exit the meshing, which are determined from Equation (10). The simulation flow of all calculation processes is shown in Figure 4 . Appl. Sci. 2019, 9, 
Contact Force Model Verification Using the Finite Element Method
The dynamics simulation model of an RV reducer is established according to the parameters listed in Table 1 . This dynamics analysis employs SolidWorks 2017 COSMOS (Dassault Systemes, Paris, France) for modeling and solving. The stress variation of an RV reducer during movement can be calculated using the finite element method (FEM). Figure 5a shows the FE model of an RV reducer, and Figure 5b shows the mesh division model of a cycloid gear and pin wheel. To simplify the simulation model, the pins are fixed on the wheel. In addition, the non-pin wheel can reduce vibrations and stress fluctuations [26] . For consistency with the theoretical model, the influence of the first stage is not considered. The rotation motion is applied to the three cranks individually, and the load torque is applied to the center of the planet carrier. The influence of the bearing is simulated by setting the contact stiffness and damping coefficient at the bearing bore. The impact function is used to calculate the contact force iteratively. According to the lubrication condition of the RV reducer prototype, the static friction coefficient between the relative moving surfaces is set as 0.08, and the dynamic friction coefficient is set as 0.05. 
The dynamics simulation model of an RV reducer is established according to the parameters listed in Table 1 . This dynamics analysis employs SolidWorks 2017 COSMOS (Dassault Systemes, Paris, France) for modeling and solving. The stress variation of an RV reducer during movement can be calculated using the finite element method (FEM). Figure 5a shows the FE model of an RV reducer, and Figure 5b shows the mesh division model of a cycloid gear and pin wheel. To simplify the simulation model, the pins are fixed on the wheel. In addition, the non-pin wheel can reduce vibrations and stress fluctuations [26] . For consistency with the theoretical model, the influence of the first stage is not considered. The rotation motion is applied to the three cranks individually, and the load torque is applied to the center of the planet carrier. The influence of the bearing is simulated by setting the contact stiffness and damping coefficient at the bearing bore. The impact function is used to calculate the contact force iteratively. According to the lubrication condition of the RV reducer prototype, the static friction coefficient between the relative moving surfaces is set as 0.08, and the dynamic friction coefficient is set as 0.05.
In this study, the total simulation time is 20 s, and the data are obtained from a period of 0.0375-18.075 s. The results indicate that the crank rotates one round, the data are solved at every angle, the interval angle is 1/10 • , and the interval time is 0.00625 s. The contact stress on the cycloid tooth surface as the crank rotates 170 • , is shown in Figure 6 . Appl. Sci. 2019, 9, In this study, the total simulation time is 20 s, and the data are obtained from a period of 0.0375-18.075 s. The results indicate that the crank rotates one round, the data are solved at every angle, the interval angle is 1/10°, and the interval time is 0.00625 s. The contact stress on the cycloid tooth surface as the crank rotates 170°, is shown in Figure 6 . To verify the validity of the analytical model for a profile-shifted gear with TPM, = 0 to 0.08 mm is adopted to calculate the contact force and friction which, as obtained through analytical and FE methods, are displayed in Figure 7 . The contact force and friction at a rotation angle of 135° are compared, demonstrating the largest differences. The percentage of differences between the analytical method and the FE method are presented in Table 2 . The results from the analytical and FE methods are in good agreement.
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(a) (b) Figure 6 . Contact stress on the cycloid tooth surface during meshing.
To verify the validity of the analytical model for a profile-shifted gear with TPM, ∆r rp = 0 to 0.08 mm is adopted to calculate the contact force and friction which, as obtained through analytical and FE methods, are displayed in Figure 7 . The contact force and friction at a rotation angle of 135 • are compared, demonstrating the largest differences. The percentage of differences between the analytical method and the FE method are presented in Table 2 . The results from the analytical and FE methods are in good agreement. In this study, the total simulation time is 20 s, and the data are obtained from a period of 0.0375-18.075 s. The results indicate that the crank rotates one round, the data are solved at every angle, the interval angle is 1/10°, and the interval time is 0.00625 s. The contact stress on the cycloid tooth surface as the crank rotates 170°, is shown in Figure 6 . To verify the validity of the analytical model for a profile-shifted gear with TPM, = 0 to 0.08 mm is adopted to calculate the contact force and friction which, as obtained through analytical and FE methods, are displayed in Figure 7 . The contact force and friction at a rotation angle of 135° are compared, demonstrating the largest differences. The percentage of differences between the analytical method and the FE method are presented in Table 2 . The results from the analytical and FE methods are in good agreement.
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Tranmission Error Calculation
Transmission Error Model of RV Reducer
A TE is one of the most important methods used to measure the accuracy of an RV reducer, and is defined as the difference between the theoretical and actual rotation angles of the output shaft as the input shaft rotates at any angle. Because this study focuses on the influence of the cycloid drive in an RV reducer, the angle of the crank is expressed as the input angle. Thus, the TE may be calculated as follows:
Here, the upper corner indicates a certain moment, and the mean value of the TE is the following:
where represents the number of data points. In addition, the TE amplitude is calculated as follows:
Because the main factor generating the mean value of the TE is the backlash of the RV reducer, the mean value of the TE can be used to calculate indirectly the backlash of the RV reducer. As the mean value of the TE also includes the contact deformation caused by a tooth engagement, this part can be approximated based on the amplitude of the TE. Additionally, considering that the starting position of the cycloid gear is in the middle of the tooth gap, the backlash of the RV reducer may be approximated as follows: 
Transmission Error Measurement Experiment
Tranmission Error Calculation
Transmission Error Model of RV Reducer
Here, the upper corner i indicates a certain moment, and the mean value of the TE is the following:
where n represents the number of data points. In addition, the TE amplitude is calculated as follows:
Because the main factor generating the mean value of the TE is the backlash of the RV reducer, the mean value of the TE can be used to calculate indirectly the backlash of the RV reducer. As the mean value of the TE also includes the contact deformation caused by a tooth engagement, this part can be approximated based on the amplitude of the TE. Additionally, considering that the starting position of the cycloid gear is in the middle of the tooth gap, the backlash of the RV reducer may be approximated as follows:
Transmission Error Measurement Experiment
A physical prototype of an RV reducer is produced according to the parameters in Table 1 . Several tests were conducted to measure the transmission performance of the RV reducer prototype to validate the analytical model. These tests were conducted on a rig composed of a servo motor, two torque meters to measure the input and output torque, two round gratings to measure the input and output rotation angles, the tested reducer, and a magnetic brake acting as a load equipment. The rated torque of the magnetic brake is 2000 N·m. The test rig is shown in Figure 8 . The control system is shown in Figure 9 . The input and output round gratings are mounted on the end of the RV prototype. To avoid the influence of eccentricity on the accuracy of the output grating, the thin reed structure is adopted to connect the output shaft and the round grating. The measurement accuracy of the test rig is 2 arcsec. The output shaft of the RV reducer was loaded to 784 N·m using a magnetic brake. The parameters of the sensors are listed in Table 3 .
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Transmission Efficiency
Because an RV reducer is a type of precision drive, the loss of the rotation angle is extremely small. The rotation angle loss can then be neglected, and only the torque loss owing to the friction torque is used to calculate the transmission efficiency. Because the friction loss of a bearing and load independent power loss is not the scope of the present study, it is not considered herein [28] . Therefore, the efficiency of the RV reducer is defined as follows:
where T f is the friction torque of the cycloid gears, which can be calculated as follows:
Contact Ratio
In theory, half of the cycloid teeth without a TPM will participate in the meshing simultaneously. However, because the cycloid profile will be thinned with a TPM, which inevitably reduces the meshing area, in order to study the variation in the meshing area caused by a TPM the contact ratio is defined, which may be calculated using the ratio of the actual meshing area length with the cycloid profile length of a single tooth. The contact ratio may be expressed as follows:
Effects of Modification Coefficients and Load
Tooth Profile Modification Method
We applied three modification methods in this study. The first two methods are commonly used in engineering when forming a modification profile by changing the modification coefficients ∆r rp and ∆R p . The cycloid profile of these two methods can be obtained using Equation (1) . Case 1: Modification by fixing coefficient ∆r rp The modification coefficient ∆r rp is a constant in the case 1 method, which focuses on the impact of the modification coefficient ∆R p on the RV reducer. Case 2: Modification by changing coefficients ∆r rp and ∆R p with the same value In the case 2 method, the modification coefficients ∆r rp and ∆R p are changed simultaneously to the same value.
Case 3: Modification based on traditional contact force formula
The case 3 method is based on the characteristics of the contact force distribution along the cycloid profile, which uses the contact force curves as the modification curves. The case 3 method is defined as the reverse modification method in this study. The inverse modification curve is obtained using the traditional contact force formula of a cycloid gear [29] . The contact force of a cycloid profile may be calculated as follows:
where M is the load torque on the output shaft in the formula, but is a dimensionless coefficient used to obtain different modification curves in this study. In a cycloid gear coordinate system, the modification amount is as follows:
Then, the reverse modification cycloid profile is obtained as:
where, x i and y i are the stand cycloid profile coordinates in Equation (1). Then, the initial tooth gap caused by a TPM using the case 3 method may be calculated as follows:
The modification parameters of the three methods are listed in Table 6 based on the same maximum clearance of 0.012 to 0.105 mm. In addition, the TPM profiles with the same maximum modification gap are shown in Figure 11 . To investigate the load effect, the transmission performances of an RV reducer under three load conditions were calculated respectively, including one to three times rated output torque. using the traditional contact force formula of a cycloid gear [29] . The contact force of a cycloid profile may be calculated as follows:
where, and are the stand cycloid profile coordinates in Equation (1). Then, the initial tooth gap caused by a TPM using the case 3 method may be calculated as follows:
The modification parameters of the three methods are listed in Table 6 based on the same maximum clearance of 0.012 to 0.105 mm. In addition, the TPM profiles with the same maximum modification gap are shown in Figure 11 . To investigate the load effect, the transmission performances of an RV reducer under three load conditions were calculated respectively, including one to three times rated output torque. The transmission performance of an RV reducer includes three main aspects. The first is the The transmission performance of an RV reducer includes three main aspects. The first is the transmission accuracy, which can be measured based on the amplitude and mean value of the transmission error. The second aspect is the mechanical performance, including the maximum normal contact force and maximum friction on the cycloid profile, which is obtained using the improved contact force formula proposed herein. The third aspect is the change in contact ratio and transmission efficiency.
Influence of Load for Case 1 Modification Method
Changes in the transmission performance metrics of an RV reducer were obtained using the case 1 modification method, as shown in Figure 12 . As can be seen from Figure 12a , an increase in the TPM significantly reduces the contact ratio. However, as the torque load increases, this effect is effectively reduced. Contrary to the changing trend of the contact area shown in Figure 12a , a TPM will increase the transmission efficiency of the RV reducer. The smaller the load torque, the more obvious the increase in transmission efficiency, as shown in Figure 12b . As can be seen from Figure 12c ,d, the TPM increases the maximum contact force and friction. Under different torque load conditions, the change trend is basically the same. At the same time, the TPM will increase the mean value of the TE, as shown in Figure 12e . However, when the amount of modification is less than 0.04 mm, the TPM reduces the amplitude of the TE. When the amount of modification is greater than 0.04 mm, the TPM will increase the amplitude of the TE, as shown in Figure 12f . Changes in the transmission performance metrics of an RV reducer were obtained using the case 1 modification method, as shown in Figure 12 . As can be seen from Figure 12a , an increase in the TPM significantly reduces the contact ratio. However, as the torque load increases, this effect is effectively reduced. Contrary to the changing trend of the contact area shown in Figure 12a , a TPM will increase the transmission efficiency of the RV reducer. The smaller the load torque, the more obvious the increase in transmission efficiency, as shown in Figure 12b . As can be seen from Figure  12c ,d, the TPM increases the maximum contact force and friction. Under different torque load conditions, the change trend is basically the same. At the same time, the TPM will increase the mean value of the TE, as shown in Figure 12e . However, when the amount of modification is less than 0.04 mm, the TPM reduces the amplitude of the TE. When the amount of modification is greater than 0.04 mm, the TPM will increase the amplitude of the TE, as shown in Figure 12f . 
Influence of Load for Case 2 Modification Method
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Discussion
To determine the optimal profile of the modification methods used for different applications, the changes in the mean value and amplitude of the TE, the contact ratio, the maximum contact force, the friction, and the transmission efficiency of the three kinds of modification methods are compared. The TPM increases the mean value of the TE linearly under the three load conditions using the proposed three modification methods. However, the mean value of the TE is at minimum when using the case 2 method as compared with that of the other two methods. In addition, the mean value of the TE is the largest when using the case 1 method. However, under large load conditions, the amplitude of the TE is the smallest when using the case 3 method. Moreover, the case 1 method will reduce the contact ratio significantly from 0.38 to 0.24 under the rated load condition, although the contact ratio changes slightly when using the case 2 and 3 methods. The maximum contact force and friction have a changing point when using the case 2 method. Moreover, the TPM has little effect on the maximum contact force and friction when using the case 3 method, although the effect is significant when using the case 1 method. Although the first two modification methods will affect the transmission efficiency significantly, the case 3 method has a slight effect on the transmission efficiency, with a change of only 92.8% to 92.1% under the rated load condition. Therefore, it can be concluded that the case 2 and 3 modification curves are better than that of the case 1 method in terms of the contact force and transmission accuracy. However, under large load conditions, such as twice the rated load, the case 3 method may be the optimal profile modification method compared with the case 2 method. This is because the case 3 method can maintain a good transmission performance with an increase in the load and modification coefficient.
Conclusions
Owing to the multi-tooth contact that occurs in an RV reducer, the results calculated using a traditional contact model with a single contact stiffness will be inaccurate. Therefore, a new multi-tooth contact model and a transmission error model of an RV reducer were proposed to analyze the influence of the tooth profile modification and load on the transmission accuracy, mechanical properties, and transmission efficiency. The following conclusions were drawn:
(1) The accuracies of the contact force model and the transmission error model were validated by comparing the calculation results of the FEM and the test results of the RV reducer prototype, respectively. 
Discussion
Conclusions
(1) The accuracies of the contact force model and the transmission error model were validated by comparing the calculation results of the FEM and the test results of the RV reducer prototype, respectively. (2) In general, a tooth profile modification and load have a comprehensive effect on an RV reducer.
Both the modification and load increase the mean value of the transmission error, although the appropriate modification amount can be selected to minimize the amplitude of the transmission error under different loads. With modification method 2, the contact force and friction can be minimized under the optimal modification amount, which increases linearly with the load. When the load is large, increasing the modification amount will increase the contact ratio for modification methods 2 and 3. (3) Modification method 1 will significantly reduce the contact ratio and increase the contact force, although the friction torque will be reduced, thus improving the transmission efficiency. In general, modification method 2 achieves a good performance and is suitable for common modification occasions. The transmission efficiency and contact ratio of modification method 3 are almost unaffected by the modification, and thus the method is suitable when a large clearance and load are needed.
The multi-tooth contact model presented here can also be applied to various profile modification methods. Moreover, this research can serve as a fundamental for both the analyses of the transmission characteristics of the RV reducers, and further investigations of the rigidity and strength of the RV reducers. 
